Abstract. In this paper we prove a Faber-Krahn-type inequality for regular trees and give a complete characterization of extremal trees. The main tools are rearrangements and perturbation of regular trees.
Introduction
In the last years some results for the Laplacian on manifolds have been shown to hold also for the graph Laplacian, e.g. Courant's nodal domain theorem ( dV93, Fri93] ) or Cheeger's inequality ( dV94] ). In Fri93] Friedman described the idea of a \graph with boundary" (see below). With this concept he was able to formulate Dirichlet and Neumann eigenvalue problems. He also conjectured another \clas-sical" result for manifolds, the Faber-Krahn theorem, for regular bounded trees with boundary. The Faber-Krahn theorem states that among all bounded domains D R n with xed volume, a ball has lowest rst Dirichlet eigenvalue ( Cha84] ). Amazingly Friedman's conjecture is false, i.e. in general these trees are not \balls". First attempts to characterize extremal trees are done by the author ( Ley97] ) and with somewhat more sophisticated methods by Pruss ( Pru98] ).
In this paper we complete this characterization and extend a former result of the author.
Statement of the Result
Let G(V; E) be an undirected graph with weights 1=c e for each edge e 2 E. The geometric realization of G is the metric space G consisting of V and arcs of length c e glued between u and v for every edge e = (u; 
A graph with boundary is a graph G(V 0 @V; E 0 @E) with interior vertices Unlike to the classical Faber-Krahn theorem balls centered at a vertex does not minimize the lowest Dirichlet eigenvalue, except when all boundary edges have length 1 (see Ley97] ).
But every tree with the Faber-Krahn-property is similar to a ball. It looks a little bit like a \peeled onion" (see gure 2). To de ne such a tree we need the notation of a branch. 
(5) (G) is a simple eigenvalue. We also need a bound on the lowest Dirichlet eigenvalue (G). De nition 6. We say that a well-ordering on G(V 0 @V; E 0 @E) is spiral-like providing the following conditions hold for all vertices v; w; v 1 ; v 2 ; w 1 ; w 2 2 V 0 and u 1 ; u 2 2 @V : Notice that in (S3) the ordering for some boundary vertices is reverse to their lengths.
In the following let G = G(V 0 @V; E 0 @E) be a d-regular tree with the FaberKrahn property and f a nonnegative eigenfunction to the rst Dirichlet eigenvalue (M4) The normal derivative of f at all boundary edges of length c e < 1 is the same. (M2) states that G is similar to a ball. Notice that it does not necessarily induce (O2). The consequence of (M3) is that f is non-increasing on every geodesic path from m to a boundary vertex and that f (nearly) has radial symmetry. The main techniques for proving lemma 3 are rearranging and perturbation of edges.
Let (v 1 ; u 1 ); (v 2 ; u 2 ) 2 E be edges of lengths c 1 and c 2 , respectively, so that u 2 is in the geodesic path from v 1 to v 2 , but u 1 is not. Since G is a tree, (v 1 ; v 2 ); (u 1 ; u 2 ) 6 2 E. Thus The normal derivative of f at the boundary edge e j = (v j ; u j ) 2 @E, v j 2 V 0 , of length c j = c ej is f(v j )=c j . The \average" normal derivative of n boundary edges is given by P n j=1 f(v j )= P n j=1 c j . We replace each of these n edges e j by edges e j of length c j , where each c j is given by
Then the normal derivative is the same for all these boundary edges. It is clear that such an edge e j might become longer than 1. Then we replace all the edges e j by edges e j (") of lengths c j (") = (1 ? ")c j + " c j , where " 2 (0; 1]. Make " as great as possible, i.e. (either) one edge e j (") has length c j (") = 1 or " = 1. Denote the resulting graph by G(").
Lemma 6 (perturbation of edges, Ley97, lemma 7]). Construct a d-regular tree G(") with boundary as described above. Then (G(")) = (G) and (G(")) (G). Equality holds if and only if c j = c j in (6) for all j.
Corollary 7. Let e 1 ; e 2 2 @E be two boundary edges with lengths c 1 ; c 2 2 (0; 1). Let s 1 , s 2 denote the normal derivatives at these edges. If s 1 < s 2 then we can decrease (G) by the above perturbation G(") when we reduce the length of e 1 (where the normal derivative is \too small") and increase the length of e 2 (where f is \too 
Notice that f(v) only depends on h(v) in a balanced branch, whether G has the Faber-Krahn property or not. Otherwise there existed two independent eigenfunctions on G and thus (G) were not simple, a contradiction. Therefore (7){(9) hold whenever Br(v j ; v j?1 ) are balanced branches, even if the chosen root for G is not a maximum of f or G has not the Faber-Krahn property.
Proof of the theorem
Again we assume that G = G(V 0 @V; E 0 @E) has the Faber-Krahn property and f is a nonnegative eigenfunction to the rst Dirichlet eigenvalue (G) with maximum m.
Lemma 9. Let Br(w; v) be a branch with two balanced subbranches Br(v; u 1 ) and Br(v; u 2 ) of lengths`1 and`2, respectively, u 1 6 = u 2 (see gure 1). If k ? 1 <`1 `2 < k for a k 2 N, then`1 =`2 or (G) is a zero of the polynomial k (d; ). Proof. Let c i =`i ? k + 1, i = 1; 2, denote the lengths of the boundary edges in these subbranches. Because of (M4) we can assume that the normal derivatives 
